A method for finding a minimal point of the lattice in cubic number fields (II) by Kan KANEKO
A method for finding a minimal point of the











Vol. 38 No. 2 (2014), 227–237
A METHOD FOR FINDING A MINIMAL POINT OF
THE LATTICE IN CUBIC NUMBER FIELDS (II)
By
Kan Kaneko
Abstract. We give a method for ﬁnding a minimal point adjacent to
1 of the reduced lattice in cubic number ﬁelds using an isotropic
vector of the quadratic form and two-dimensional lattice.
1. Introduction
In the previous paper [3] with the same title, we proved six theorems which
gave candidates of a minimal point adjacent to 1 in a reduced lattice R.
In this paper we shall improve Theorem 6.1B, Theorem 6.2A and Theorem
6.3A in [3]. We also give such an example that does not seem to occur very
frequently in Theorem 6.3B in [3]. We follow the notation and terminology used
in the previous paper [3].
In the rest of this introduction, we shall show that f10 need not be included
in [3, Theorem 6.1B,(3),(ii-a)]. Also, we shall show that f5 need not be included
in [3, Theorem 6.2A,(2),(ii)].
Theorem 6.1B 0. Let R ¼ h1; l; mi be a reduced lattice of K such that 0 <
l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, 0 < m < 1,
f1 < 1, Fðf6Þ < 1, where a ¼ F ðmÞ, b ¼ Ym. Then
(1) If Fðf2Þ < 1, then the minimal point adjacent to 1 is f2.
(2) If f2 > 1, Fðf2Þ > 1, then the minimal point adjacent to 1 is f6.
(3) If f2 < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f6;
(ii) if b > 0, then the minimal point adjacent to 1 is f6 or f9.
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Proof. (3) (ii) We assume that b > 0, 2lþ m < 1 and yg ¼ f10 ¼ 3lþ 2m.
Since Yl < 1=2 and 0 < Ym < 1=2, we have Y3lþ2m ¼ 3Yl þ 2Ym < 3=2þ 1
¼ 1=2. From this and 1 < Y3lþ2m, we have 0 < Y1þ3lþ2m < 1=2. Hence,
F ð1þ 3lþ 2mÞ ¼ Y 21þ3lþ2m þ Z21þ3lþ2m < Y 23lþ2m þ Z23lþ2m ¼ F ð3lþ 2mÞ < 1. Since








¼ F ðlþ mÞ < 1. Therefore, since 0 <
lþ m < 1 and R is a reduced lattice, the assumption such that b > 0, 2lþ m < 1
and yg ¼ f10 leads to a contradiction. Hence, if b > 0, 2lþ m < 1, then
yg0 f10. r
Remark 1.1. If FðaÞ < 1 and FðbÞ < 1, then Fðtaþ ð1 tÞbÞ < 1, where
a; b A K , 0a ta 1 ðt A QÞ.
Theorem 6.2A 0. Let R ¼ h1; l; mi be a reduced lattice of K such that
0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m > 1,
f1 > 1, where a ¼ FðmÞ, b ¼ Ym. Then
(1) If Fðf1Þ < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f1, f3 or f4;
(ii) if b > 0, then the minimal point adjacent to 1 is f1 or f7.
(2) If Fðf1Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to 1 is f6.
Proof. (2) From [3, Theorem 6.2A,(2),(ii)], su‰ce it to say that if b > 0,
then yg0 f5. We assume that Fðf1Þ > 1, F ðf6Þ < 1. From F ðf1Þ > 1, F ðf1 þ 1Þ
¼ Fðf6Þ < 1, by Lemma 2.1,(2) in Section 2, we have Yf1 < 1=2. From this and
Ym ¼ b < 1=2, we have Yf5 ¼ Yf1þm1 ¼ Yf1 þ Ym  1 < 1=2þ 1=2 1 ¼ 1.
Hence, F ðf5Þ > 1. Therefore, yg0 f5. r
2. Preliminaries
This section is a preparation for the next section.
Lemma 2.1. (1) K C 1; l; m are independent over Q ) o2ðl; mÞ B Q.
(2) Let a A KnQ. If F ðaÞ > 1, F ð1þ aÞ < 1, then Ya < 1=2.
Proof. (1) Let K ¼ QðyÞ, y3 þ pyþ q ¼ 0 ðp; q A QÞ and l ¼ a1 þ a2yþ
a3y




a2y a3y2Þ, Ym ¼ 1
2
ð2b1  2pb3  b2y b3y2Þ, o1ðl; mÞ ¼  a2  a3y
b2  b3y . From these
and the deﬁnition of o2ðl; mÞ, we obtain the following formula:




þ p a2 a3b2 b3

þ a3 a1b3 b1






Suppose that o2ðl; mÞ A Q. Then from (2.1), we have
o2b2 þ o2b3y ¼ a1 a2
b1 b2

þ p a2 a3b2 b3

þ a3 a1b3 b1

yþ a2 a3b2 b3

y2:




¼ 0. From this and
o1 ¼  a2  a3y
b2  b3y , we have o1 A Q. On the other hand, by [3, Proposition 2.2,(3)],
o1ðl; mÞ B Q. Hence, we have reached a contradiction. Therefore, we have
o2ðl; mÞ B Q.
(2) Since F ð1þ aÞ < 1, we have 1 < Y1þa < 1. Suppose that Ya > 1=2.
Then Y1þa ¼ 1þ Ya > 1=2. From this, we have 1=4þ Z21þa < Y 21þa þ Z21þa ¼




=2. Since Ya > 1=2 and Ya < 0, we have
1=2 < Ya < 0. Hence, FðaÞ ¼ Y 2a þ Z2a ¼ Y 2a þ Z21þa < 1=4þ 3=4 ¼ 1. Since
FðaÞ > 1, we have reached a contradiction. Therefore, we have Ya < 1=2.
r
Proposition 2.2. Let R ¼ h1; l; mi be a reduced lattice of K such that 0 <
o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, 0 < m < 1, f1 > 1, where a ¼ F ðmÞ,
b ¼ Ym. If Fðf2Þ > 1, Fðf6Þ < 1:
(1) if F ðf1Þ < 1, b < 0, then the minimal point adjacent to 1 is f1 or f3;
(2) if F ðf1Þ < 1, b > 0, then the minimal point adjacent to 1 is f1,
(3) if F ðf1Þ > 1, then the minimal point adjacent to 1 is f6.
Proof. We assume that F ðf2Þ > 1, F ðf6Þ < 1.
(a) By [3, Lemma 4.5,(1)], we have yg A fci;y; yð0 0Þ A Z; 1a ia 12g.
(b) We shall prove that yb 1. We note that ½yoia y½oi ðya1Þ and that
by [3, Propositon 2.2,(3)] and Lemma 2.1,(1), ½oi ¼ ½oi  1. We assume that
ya1. By [3, Remark 4.4,(1)], we have ci;yac12;y.
The case ya2: c12;y ¼ ½o2 y þ 2þ ylþ ð½o1 y þ 1Þma y½o2 þ 2þ ylþ
ðy½o1 þ 1Þm ¼ yð½o2 þ lÞ þ 2þ ma2ð½o2 þ lÞ þ 2þ m < m < 1. The case y ¼
1: c12;1 ¼ ½o2 þ 2 lþ ð½o1 þ 1Þm ¼ ½o2  1þ 2 l ¼ ½o2 þ 1 l ¼
ð½o2 þ lÞ þ 1 < 0. Therefore, if ya1, then we have ci;y0 yg.
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(c) We shall prove that y ¼ 1 or 2. Since f1 ¼ c4;1 ¼ ½o2 þ l > 1, for yb 3
we have ci;y ¼ ½o2 y þ j þ ylþ ð½o1 y þ kÞmb y½o2 þ j þ ylþ ðy½o1 þ kÞmb
2ð½o2 þ lþ ½o1mÞ þ ½o2 þ j þ lþ ð½o1 þ kÞm ¼ 2ð½o2 þ lþ ½o1mÞ þ ½o2 þ 1þ
lþ ½o1mþ j  1þ km ¼ 2c4;1 þ c8;1 þ j  1þ km > c8;1, where 1a j; ka 2,
ð j; kÞ0 ð2;1Þ; ð2; 2Þ; ð1;1Þ; ð1; 2Þ. Therefore, if yb 3, then we have
ci;y0 yg ð1a ia 12Þ.
(d) We shall prove that y0 2.
(i) The case b < 0: By [3, Lemma 4.5,(3),(i)], we have yg A fc1;y;c3;y;c4;y;
c5;y;c8;y;c9;y;c10;y;c12;yg. c1;2 ¼ ½2o2  1þ 2lþ ½2o1mb 2½o2  1þ 2l ¼
ð½o2 þ lÞ  1þ ½o2 þ l > f1. The case Fðf1Þ < 1; By [3, Remark 4.4,(1)], we
have ci;2 > f1 ði ¼ 1; 3; 4; 5; 8; 9; 10; 12Þ. Hence, ci;20yg ði ¼ 1; 3; 4; 5; 8; 9; 10; 12Þ.
The case Fðf1Þ > 1; By [3, Lemma 4.5,(10),(12)], we have c1;2 ¼ ½2o2  1þ
2lþ ½2o1m ¼ 2½o2 þ 2lþ ½2o1m ¼ ð½o2 þ lÞ þ ½o2 þ lþ ½2o1m > f6. Hence,
by [3, Remark 4.4,(1)], we have ci;2 > f6 ði ¼ 1; 3; 4; 5; 8; 9; 10; 12Þ. Therefore,
ci;20 yg ði ¼ 1; 3; 4; 5; 8; 9; 10; 12Þ.
(ii) The case b > 0: By [3, Lemma 4.5,(3),(ii)], we have yg A fc2;y;c4;y;c5;y;
c6;y;c7;y;c8;y;c9;y;c11;yg. We have c4;2 ¼ ½2o2 þ 2lþ ½2o1mb 2½o2 þ 2lþ
½2o1m ¼ ½o2 þ ð½o2 þ lÞ þ lþ ½2o1m > c8;1 ¼ f6. From this and [3, Remark
4.4,(1)], we have ci;2 > f6 ði ¼ 4; 5; 6; 7; 8; 9; 11Þ. By [3, Lemma 4.5,(12)], for
c2;2 ¼ ½2o2  1þ 2lþ ð½2o1 þ 1Þm, there are four cases:
1) c2;2 ¼ 2½o2 þ 2lþ 2m ¼ ½o2 þ ð½o2 þ lÞ þ lþ 2m > f6.
2) c2;2 ¼ 2½o2 þ 2lþ m ¼ ½o2 þ ð½o2 þ lÞ þ lþ m > f6.
3) c2;2 ¼ 2½o2  1þ 2lþ 2m ¼ ð½o2 þ lÞ  1þ ½o2 þ lþ 2m > f1.
4) c2;2 ¼ 2½o2  1þ 2lþ m ¼ ð½o2 þ lÞ  1þ ½o2 þ lþ m > f1.
The case F ðf1Þ < 1; we have c2;20 yg.
The case F ðf1Þ > 1; Since F ð½o2 þ lÞ > 1, F ð½o2 þ 1þ lÞ < 1, by Lemma
2.1,(2), we have Y½o2þl < 1=2. From this we have Y2½o21þ2lþ2m ¼ 2Y½o2þl
1þ 2Ym <1 1þ 1¼1. Hence, we have Fð2½o2  1þ 2lþ 2mÞ> 1. Similarly,
from Y2½o21þ2lþm ¼ 2Y½o2þl  1þ Ym < 1 1þ 1=2 < 3=2, we have F ð2½o2
1þ 2lþ mÞ > 1. Hence, we have c2;20 yg. By (i), (ii), we conclude that y0 2.
(e) We shall prove (1), (2) and (3).
(i) The case b < 0: From (d), yg A fc1;1;c3;1;c4;1;c5;1;c8;1;c9;1;c10;1;c12;1g.
By [3, Remark 4.4,(1)], f6 ¼ c8;1 < c9;1 < c10;1 < c12;1, so yg A fc1;1;c3;1;c4;1;
c5;1;c8;1g. From F ðc8;1Þ < 1, we have Fðc1;1Þ > 1. Therefore, we have yg A
fc3;1;c4;1;c8;1g.
(1) If Fðf1Þ < 1, then we have yg ¼ f1 or f3.
(3) We assume that F ðf1Þ > 1. By [3, Lemma 4.5,(4)], Fðc3;1Þ > F ðc4;1Þ > 1.
Hence, we have yg ¼ f6.
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(ii) The case b > 0: From (d), yg A fc2;1;c4;1;c5;1;c6;1;c7;1;c8;1;c9;1;c11;1g.
By [3, Remark 4.4,(1)], f6 ¼ c8;1 < c9;1 < c11;1, so yg A fc2;1;c4;1;c5;1;c6;1;
c7;1;c8;1g. By [3, Lemma 4.5,(9)], F ðc2;1Þ > 1. Also, by [3, Lemma 4.5,(5)],
Fðc7;1Þ > 1. Therefore, we have yg A fc4;1;c6;1;c8;1g. By [3, Lemma 4.2,(1)],
we have Fðc6;1Þ  F ðc5;1Þ ¼ aðc1 þ 2Þ2 þ 2bc2ðc1 þ 2Þ þ c22  aðc1 þ 1Þ2





> 0, where c1 ¼
½o1  o1; c2 ¼ ½o2  o2. Hence, Fðc6;1Þ > Fðc5;1Þ. From this and F ðc5;1Þ > 1,
we have Fðc6;1Þ > 1. Therefore, yg A fc4;1;c8;1g. From this we have (2) F ðf1Þ <
1 ) yg ¼ f1 and (3) F ðf1Þ > 1 ) yg ¼ f6. r
Corollary 2.3. Let R ¼ h1; l; mi be a reduced lattice of K such that 0 <
o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 0 < b < 1=2, 0 < m < 1, f1 > 1, where a ¼ F ðmÞ,
b ¼ Ym. If F ðf2Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to 1 is f1 or f6.
Remark 2.4. From the proof in [4, Theorem 2.1] and Proposition 2.2,(3),
we can see that Theorem 6.1A in [3] does not require the assumption
0 < Xm < Xl, 0 < l < 1.
The following two lemmas are used to prove Lemma 3.1 in Section 3.
Lemma 2.5 ([5, Chapter 4, Section 2, p. 51]). Let R be a reduced lattice with
the normalized basis f1;N;Mg. If ytg ¼ ðN þMÞt, then FðMð3ÞÞ > 1.
Lemma 2.6 ([6, Lemma 4.3]). Let R be a reduced lattice. For a A R such
that F ðað3ÞÞ < 1, we deﬁne a :¼
að1Þ if F ðað1ÞÞ < 1
að2Þ if F ðað1ÞÞ > 1:

Let a; b A R such that




=2, F ðbÞ < 1. If Xa < Xb, ZaZb > 0, then a < b.
3. Improved form of the Theorem 6.3A in [3]
In this section we shall improve Theorem 6.3A,(1),(ii-a) and Theorem
6.3A,(2) in [3]. If we improve Theorem 6.3A,(2) in [3], we can further reduce
the maximum number of candidates j A R such that we must check whether
FðjÞ < 1 or not from at most four to at most three (see Remark 4.4).
To improve Theorem 6.3A,(1),(ii-a), we need the following lemma.
Lemma 3.1. Let R ¼ h1; l; mi be a reduced lattice of K such that 0 < l < 1,
0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m < 0, f1 > 1, where
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a ¼ FðmÞ, b ¼ Ym. Then if Fðf1Þ < 1, ½o2 ¼ 1, lþ m < 0, then yg0 1þ f9 ¼
1þ 2lþ m.
Proof. We assume that Fðf1Þ < 1, ½o2 ¼ 1, lþ m < 0 and yg ¼ 1þ f9
¼ 1þ 2lþ m. We take a normalized basis f1;N;Mg of R and ﬁx it. 1þ
2lþ m appears only in the following two cases of the proof of [3, Theorem
6.3A,(1)]:
1) (1-2) in [3, Table 1] i.e., c1;2 ðo1 > 1=2Þ,
2) (1-3) in [3, Table 1] i.e., c1;dþ1 ðd ¼ 1Þ.
We note that by [3, Theorem 3.6], lt ¼ N t, ðN MÞt or M t. Moreover, by
[3, Theorem 3.3], we see that lt ¼ ðN MÞt ) mt ¼ dN t þ ðd þ 1ÞM t and
that lt ¼ M t ) mt ¼ N t  dM t. In the case (1-2) in [3, Table 1], we have only
one case that lt ¼ N t, mt ¼ M t. In the case (1-3) in [3, Table 1], we have two
cases, that is, lt ¼ ðN MÞt and lt ¼ M t. Hence, only the following three cases
are possible:
(i) The case lt ¼ N t, ytg ¼ ð2N þMÞt, o1ðl; mÞ > 1=2 which corresponds to
(1-2) in [3, Table 1],
(ii) The case lt ¼ M t, ytg ¼ ðN þMÞt, dðl; mÞ ¼ 1 which corresponds to
(1-3) in [3, Table 1],
(iii) The case lt ¼ ðN MÞt, ytg ¼ N t, dðl; mÞ ¼ 1 which corresponds to
(1-3) in [3, Table 1].
(i) The case lt ¼ N t, ytg ¼ ð2N þMÞt, o1ðl; mÞ > 1=2: From o1 ¼ jZN j=
jZM j > 1=2, we have 2jZN j > jZM j. From this, we have Z1þlZ1þ2lþm ¼ ZNZ2NþM




=2, F ð1þ 2lþ mÞ < 1, 0 < X1þl < X1þ2lþm and
Z1þlZ1þ2lþm > 0, Lemma 2.6 leads to ð1þ lÞ < 1þ 2lþ m. Since FðlÞ > 1,
F ð1þ lÞ < 1, we see 1þ l ¼ ð1þ lÞ. Hence, 1þ l < 1þ 2lþ m. Therefore, this
case is impossible.
(ii) The case lt ¼ M t, ytg ¼ ðN þMÞt, dðl; mÞ ¼ 1: By Lemma 2.5, this case
is impossible.
(iii) The case lt ¼ ðN MÞt, ytg ¼ N t, dðl; mÞ ¼ 1:




=2; Since 0 < X1þl < X1þ2lþm, Z1þlZ1þ2lþm ¼




=2, Lemma 2.6 leads to 1þ l ¼ ð1þ lÞ <
1þ 2lþ m. Therefore, yg0 1þ 2lþ m.








=2, Fð1þ lÞ < 1, we
have jY1þlj < 1=2. If 1=2 < Y1þl < 0, then Y1þ2lþm < 1, so Fð1þ 2lþ mÞ > 1.
Hence, we conclude that
0 < Y1þl < 1=2: ð3:1Þ
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Since 0 < l < 1, 1=2 < m < 0, we see 1=2 < 1þ lþ m < 1. Hence, as R is a
reduced lattice, we have
F ð1þ lþ mÞ > 1: ð3:2Þ
Since 1t þ lt ¼ N t M t, 1t þ 2lt þ mt ¼ N t, we see
M t ¼ lt þ mt: ð3:3Þ
From (3.1), we have 1 < Yl < 1=2 and 1=2 < Y1þlþm. Hence, we see
Yl < Y1þlþm: ð3:4Þ
Since M t is adjacent to ðN MÞt, we have
jZM j < jZNM j: ð3:5Þ
If jY1þlþmj < jY1þlj, then by jZ1þlþmj ¼ jZM j < jZNM j ¼ jZ1þlj, we obtain
Fð1þ lþ mÞ ¼ Z21þlþm þ Y 21þlþm < Z21þl þ Y 21þl ¼ Fð1þ lÞ < 1. From this, by
(3.2), we conclude that
jY1þlþmj > jY1þlj: ð3:6Þ
If Y1þlþm > 0, then we have jY1þlþmj < jY1þlj. From this, by (3.6), we conclude
that
Y1þlþm < 0: ð3:7Þ
By (3.6), (3.7) and (3.1), we see Y1þlþm > 1þ Yl, so Y1þ2lþm < 1. From this,
Fð1þ 2lþ mÞ > 1. Hence, yg0 1þ 2lþ m.
By (a), (b), this case is impossible. Therefore, by (i), (ii), (iii), the assumption
leads to a contradiction. r
Theorem 6.3A 0. Let R ¼ h1; l; mi be a reduced lattice of K such that 0 <
l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1, m < 0, f1 > 1,
where a ¼ FðmÞ, b ¼ Ym. Then
(1) If Fðf1Þ < 1, then the minimal point adjacent to 1 is f1, f2 or f4.
(2) If f2 > 1:
(i) if F ðf1Þ > 1, F ðf8Þ < 1, then the minimal point adjacent to 1 is f2
or f8;
(ii) if F ðf1Þ > 1, Fðf8Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to
1 is f6.
(3) If f2 < 1, Fðf1Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to 1 is f6
or f8.
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Proof. (1) is followed by [3, Theorem 6.3A,(1)] and Lemma 3.1.
(2) We assume that f2ðl; mÞ ¼ ½o2ðl; mÞ þ lþ m > 1.
(i) We assume that F ðf1Þ > 1, F ðf8Þ < 1. We put lþ :¼ lþ m, m :¼ m.
(a) Since o1ðlþ; mÞ ¼ Zlþm=Zm ¼ ðZl þ ZmÞ=ðZmÞ ¼ 1 o1ðl; mÞ, we
have 0 < o1ðlþ; mÞ ¼ 1 o1ðl; mÞ < 1.
(b) Since o2ðlþ; mÞ ¼ Ylþ o1ðlþ; mÞYm ¼ Yl  Ymþ o1ðlþ; mÞYm ¼
Yl  Ym þ ð1 o1ðl; mÞÞYm ¼ Yl  o1ðl; mÞYm ¼ o2ðl; mÞ, we have o2ðlþ; mÞ
¼ o2ðl; mÞ > 0.
(c) aðmÞ ¼ F ðmÞ ¼ F ðmÞ ¼ FðmÞ ¼ aðmÞ > 1.
(d) bðmÞ ¼ Ym ¼ Ym ¼ bðmÞ. From this and 1=2 < bðmÞ < 0, we have
0 < bðmÞ < 1=2. Also from 1=2 < m < 0, we have 0 < m < 1=2 < 1.
(e) Since f2ðlþ; mÞ ¼ ½o2ðlþ; mÞ þ lþ þ m ¼ ½o2ðl; mÞ þ l ¼ f1ðl; mÞ, we
have F ðf2ðlþ; mÞÞ ¼ Fðf1ðl; mÞÞ > 1. Also, we have f1ðlþ; mÞ ¼ ½o2ðlþ; mÞþ
lþ ¼ ½o2ðl; mÞ þ lþ m ¼ f2ðl; mÞ.
(f ) Since f6ðlþ; mÞ ¼ ½o2ðlþ; mÞ þ 1þ lþ ¼ ½o2ðl; mÞ þ 1þ lþ m ¼
f8ðl; mÞ, we have F ðf6ðlþ; mÞÞ ¼ Fðf8ðl; mÞÞ < 1. With (a) to (f ), Corollary 2.3
for R ¼ h1; l; mi ¼ h1; lþ; mi leads to yg ¼ f1ðlþ; mÞ or f6ðlþ; mÞ. Hence, we
have yg ¼ f2ðl; mÞ or f8ðl; mÞ.
(ii) We assume that Fðf1Þ > 1, F ðf8Þ > 1, Fðf6Þ < 1. By [3, Lemma 4.2,(1)],
we have Fðf8Þ  F ðf2Þ ¼ Fðc9;1Þ  Fðc5;1Þ ¼ aðc1 þ 1Þ2 þ 2bðc1 þ 1Þðc2 þ 1Þþ
ðc2 þ 1Þ2  aðc1 þ 1Þ2  2bðc1 þ 1Þc2  c22 ¼ 2bðc1 þ 1Þ þ 2c2 þ 1, where c1 ¼
½o1  o1, c2 ¼ ½o2  o2. By [3, Lemma 4.5,(10)], we have c2 < 1=2. From this
and b < 0, we have Fðf8Þ  F ðf2Þ ¼ 2bðc1 þ 1Þ þ 2c2 þ 1 < 0. Therefore, we
have F ðf2Þ > Fðf8Þ. From this and Fðf8Þ > 1, we have yg0 f8; f2. Therefore,
by [3, Theorem 6.3A,(2)], we have yg ¼ f6.
(3) We assume that f2 < 1, F ðf1Þ > 1, F ðf6Þ < 1. By [3, Theorem 6.3A,(2)],
we have yg ¼ f6 or f8. r
4. Revised Main Theorems
In this section, we shall summarize main theorems in [3, Section 6]. We also
give an example such that yg ¼ f6 þ f9 ¼ 1þ 3lþ m.
For the simplicity, we denote the following conditions by ðaÞ:
ðaÞ 0 < l < 1, 0 < Xm < Xl, 0 < o1ðl; mÞ < 1, o2ðl; mÞ > 0, a > 1, 2jbj < 1,
where a ¼ F ðmÞ, b ¼ Ym.
Theorem 4.1A. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
0 < m < 1, f1 > 1. Then
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(1) If Fðf1Þ < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f1, f3 or f4;
(ii) if b > 0, then the minimal point adjacent to 1 is f1 or f5.
(2) If Fðf1Þ > 1, Fðf2Þ < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f2;
(ii) if b > 0, then the minimal point adjacent to 1 is f2 or f5.
(3) If F ðf1Þ > 1, F ðf2Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to 1
is f6.
Theorem 4.2A. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
m > 1, f1 > 1. Then
(1) If Fðf1Þ < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f1, f3 or f4;
(ii) if b > 0, then the minimal point adjacent to 1 is f1 or f7.
(2) If Fðf1Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to 1 is f6.
Theorem 4.3A. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
m < 0, f1 > 1. Then
(1) If Fðf1Þ < 1, then the minimal point adjacent to 1 is f1, f2 or f4.
(2) If f2 > 1:
(i) if Fðf1Þ > 1, F ðf8Þ < 1, then the minimal point adjacent to 1 is f2 or
f8;
(ii) if F ðf1Þ > 1, Fðf8Þ > 1, Fðf6Þ < 1, then the minimal point adjacent to
1 is f6.
(3) If f2 < 1, Fðf1Þ > 1, F ðf6Þ < 1, then the minimal point adjacent to 1 is
f6 or f8.
Theorem 4.1B. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
0 < m < 1, f1 < 1, F ðf6Þ < 1. Then
(1) If Fðf2Þ < 1, then the minimal point adjacent to 1 is f2.
(2) If f2 > 1, Fðf2Þ > 1, then the minimal point adjacent to 1 is f6.
(3) If f2 < 1:
(i) if b < 0, then the minimal point adjacent to 1 is f6;
(ii) if b > 0, then the minimal point adjacent to 1 is f6 or f9.
Theorem 4.2B. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
m > 1, f1 < 1, Fðf6Þ < 1. Then the minimal point adjacent to 1 is f6:
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Theorem 4.3B. Let R ¼ h1; l; mi be a reduced lattice of K such that ðaÞ,
m < 0, f1 < 1, F ðf6Þ < 1. Then
(1) If Fðf8Þ < 1, then the minimal point adjacent to 1 is f8.
(2) If Fðf8Þ > 1:
(i) if f9 < 0, then the minimal point adjacent to 1 is f6 or f6 þ f9;
(ii) if f9 > 0, then the minimal point adjacent to 1 is f6 or 1þ f9.
Remark 4.4. From these six theorems above, we see that
(i) yg A S :¼ ff1; f2; f3; f4; f5; f6; f7; f8; f9; 1þ f9; f6 þ f9g,
(ii) in each case of the theorems, the maximum number of candidates j A S
such that we must check whether FðjÞ < 1 or not is at most three.
Remark 4.5. In practical computation, if we take a F -point as l, then we
can change (2) in Theorem 4.1A as follows:
(2) 0 If F ðf1Þ > 1, F ðf2Þ < 1, F ðf6Þ < 1,
then the minimal point adjacent to 1 is f2.
Indeed, by the proof of Theorem 6.2A 0, F ðf1Þ > 1 and Fðf6Þ < 1 imply that
yg0 f5.
Example 4.6. Let K ¼ QðyÞ be a cubic number ﬁeld deﬁned by
y3  51589 ¼ 0 ðy ¼ 37:22651403Þ. Then R988 ¼ h1; ð3553 76yþ 5y2Þ=9912;
ð1352þ 415y 11y2Þ=9912i ¼ h1; l; mi. 0 < l < 1, m < 0. 0 < Xm < Xl.
o1ðl; mÞ ¼ 76þ 5y
415þ 11y . Yl ¼
1
2c
ð7106þ 76y 5y2Þ ðc ¼ 9912Þ. Ym ¼ 1
2c
ð2704
415yþ 11y2Þ. o1 ¼ 0:31793235. Yl ¼ 0:56526693. Ym ¼ 0:14674417. o2 ¼
0:61192165. Hence ½o2 ¼ 0, f1 ¼ ½o2 þ l ¼ l < 1.
(1) NK=Qðxþ yyþ zy2Þ ¼ x3  3 51589xyzþ 51589y3 þ 515892z3.







F ð6359 76yþ 5y2Þ ¼ 1
c2
NK=Qð6359 76yþ 5y2Þ




6359 76yþ 5y2 ¼
0:91591078 < 1.














2099þ 187yþ 4y2 ¼ 0:72523368 < 1.




this f8 ¼ 1þ lþ m < 1. So Fðf8Þ > 1.
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(d) Since 2lþ m < 0, we have 1þ 3lþ m < 1þ l. Therefore, by Theorem
4.3B,(2),(i), we have yg ¼ 1þ 3lþ m ¼ f6 þ f9.
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